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In this paper, we prove some common fixed point theorem for weakly compatible maps in intuitionistic fuzzy 
metric space for two, four and six self mapping. 
 
1. Introduction 
The introduction of the concept of fuzzy sets by Zadeh [1] in1965.Many authors have introduced the concept of 
fuzzy metric in different ways. Atanassov [2] introduced and studied the concept of intuitionistic fuzzy sets. In 
1997 Coker [3 ] introduced the concept of intuitionistic fuzzy topological spaces .Park [20] defined the notion of 
intuitionistic fuzzy metric space with the help of continuous t-norm. Alaca et al. [4] using the idea of 
intuitionistic fuzzy sets, they defined the notion of intuitionistic fuzzy metric space. Turkoglu et al. [34] 
introduced the cocept of compatible maps and compatible maps of types ሺߙሻ and ሺߚሻ in intuitionistic fuzzy 
metric space and gave some relations between the concepts of compatible maps and compatible maps of types ሺߙሻܽ݊݀ሺߚሻ. Gregory et al.  [12 ], Saadati et al [28],Singalotti et al [27], Sharma and Deshpande [30], Ciric etal 
[9],  Jesic [13], Kutukcu [16] and many others studied the concept of intuitionistic fuzzy metric space and its 
applications. Sharma and Deshpandey [30] proved common fixed point theorems for finite number of mappings 
without continuity and compatibility on intuitionistic fuzzy metric spaces. R.P. Pant [23] has initiated work using 
the concept of R-weakly commuting mappings in 1994. 
 
2. Preliminaries 
We begin by briefly recalling some definitions and notions from fixed point theory literature that we will use in 
the sequel.   
Definition 2.1 [Schweizer st. al.1960] - A binary operation  כ׷ ሾͲǡͳሿ ൈ ሾͲǡͳሿ ՜ ሾͲǡͳሿ is a continuous t-norms if כsatisfying conditions:   
(i) כ is commutative and associative;  
(ii) כis continuous;  
(iii) ܽ כ ͳ ൌ ܽ݂݋ݎ݈݈ܽܽ א ሾͲǡͳሿǢ 
(iv) ܽ כ ܾ ൑ ܿ כ ݀wherever ܽ ൑ ܿandܾ ൑ ݀ for allܽǡ ܾǡ ܿǡ ݀ א ሾͲǡͳሿǤ 
Example of t-norm areܽ כ ܾ ൌ ሼܽǡ ܾሽ and ܽ כ ܾ ൌ ܽǤ ܾǤ 
Definition 2.2[Schweizer st. al.1960]  A binary operation  τ׷ ሾͲǡͳሿ ൈ ሾͲǡͳሿ ՜ ሾͲǡͳሿ is a continuous t-norms if τsatisfying conditions:   
(i) τ is commutative and associative;  
(ii) τis continuous;  
(iii) ܽ τ Ͳ ൌ ܽfor all ܽ א ሾͲǡͳሿǢ 
(iv) ܽ τ ܾ ൑ ܿ τ ݀whereverܽ ൑ ܿandܾ ൑ ݀ for allܽǡ ܾǡ ܿǡ ݀ א ሾͲǡͳሿǤ 
Example of t-norm areܽ τ ܾ ൌ ሼܽǡ ܾሽ  and ܽ τ ܾ ൌ ሼͳǡ ܽ ൅ ܾሽǤ 
Definition 2.3 [Alaca, C. et. Al. 2006] A 5-tuple ሺܺǡܯǡܰǡכǡτሻ is said to be an intuitionistic fuzzy metric space if 
X is an arbitrary set,כ  is a continuous t -norm, ◊ is a continuous 
 t -norm and ܯǡܰ are fuzzy sets on ܺଶ ൈ ሺͲǡ∞ሻ satisfying the following conditions:  
(i) ܯሺݔǡ ݕǡ ݐሻ ൅ ܰሺݔǡ ݕǡ ݐሻ ൑ ͳfor all ݔǡ ݕ א ܺandݐ ൐ ͲǢ 
(ii) ܯሺݔǡ ݕǡ Ͳሻ ൌ Ͳfor allݔǡ ݕ א ܺ ; 
(iii) ܯሺݔǡ ݕǡ ݐሻ ൌ ͳfor allݔǡ ݕ א ܺand ݐ ൐ Ͳif and only ifݔ ൌ ݕ;  
(iv) ܯሺݔǡ ݕǡ ݐሻ ൌ ܯሺݕǡ ݔǡ ݐሻ for allݔǡ ݕ א ܺand ݐ ൐ ͲǢ 
(v) ܯሺݔǡ ݕǡ ݐሻ כ ܯሺݕǡ ݖǡ ݏሻ ൑ ܯሺݔǡ ݖǡ ݐ ൅ ݏሻfor all ݔǡ ݕǡ ݖ א ܺandݏǡ ݐ ൐ Ͳ ; 
(vi) For all ݔǡ ݕ א ܺǡܯሺݔǡ ݕǡ Ǥ ሻǣ ሾͲǡ∞ሻ ՜ ሾͲǡͳሿ is left continuous ; 
(vii) ௧՜∞ܯሺݔǡ ݕǡ ݐሻ ൌ ͳݔǡ ݕ א ܺݐ ൐ ͲǢ 
(viii) ܰሺݔǡ ݕǡ Ͳሻ ൌ ͳfor allݔǡ ݕ א ܺ;  
(ix) ܰሺݔǡ ݕǡ ݐሻ ൌ Ͳ for allݔǡ ݕ א ܺandݐ ൐ ͲǢ if and only if ݔ ൌ ݕǤ 
(x) ܰሺݔǡ ݕǡ ݐሻ ൌ ܰሺݕǡ ݔǡ ݐሻfor allݔǡ ݕ א ܺandݐ ൐ ͲǢ 
(xi) ܰሺݔǡ ݕǡ ݐሻ τ ܰሺݕǡ ݖǡ ݏሻ ൒ ܰሺݔǡ ݖǡ ݐ ൅ ݏሻfor allݔǡ ݕǡ ݖ א ܺandݏǡ ݐ ൐ ͲǢ 
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(xii) for allݔǡ ݕ א ܺǡܰሺݔǡ ݕǡ Ǥ ሻǣ ሾͲǡ∞ሻ ՜ ሾͲǡͳሿ is right continuous; 
(xiii) ௧՜∞ܰሺݔǡ ݕǡ ݐሻ ൌ Ͳ݂݋ݎ݈݈ܽݔǡ ݕ א ܺǢ ሺܯǡܰሻ is called an intuitionistic fuzzy metric on ܺ. The functions ܯሺݔǡ ݕǡ ݐሻܽ݊݀ܰሺݔǡ ݕǡ ݐሻ denote the degree of 
nearness and the degree of non-nearness between ݔand ݕ with respect toݐǡ respectively. 
Remark 2.4 [Alaca, C. et. Al. 2006 ]. An intuitionistic fuzzy metric spaces with continuous t-norm כ and 
Continuous t -conorm ◊ defined by ܽ כ ܽ ൒ ܽǡ ܽ א ሾͲǡͳሿandሺͳ െ ܽሻ τ ሺͳ െ ܽሻ ൑ ሺͳ െ ܽሻ for all ܽ א ሾͲǡͳሿ , 
Then for all ݔǡ ݕ א ܺǡܯሺݔǡ ݕǡכሻ is non-decreasing and, ܰሺݔǡ ݕǡτሻ is non-increasing. 
Remark 2.5[Park, 2004]. Let ሺܺǡ ݀ሻ be a metric space .Define t-norm ܽ כ ܾ ൌ ሼܽǡ ܾሽ and t-conormܽ τ ܾ ൌሼܽǡ ܾሽ and for all ,ݔǡ ݕ א ܺand ݐ ൐ Ͳ ܯௗሺݔǡ ݕǡ ݐሻ ൌ ݐݐ ൅ ݀ሺݔǡ ݕሻ ǡ  ௗܰሺݔǡ ݕǡ ݐሻ ൌ ݀ሺݔǡ ݕሻݐ ൅ ݀ሺݔǡ ݕሻ 
Then ሺܺǡܯǡܰǡכǡτሻ is an intuitionistic fuzzy metric space induced by the metric. It is obvious that ܰሺݔǡ ݕǡ ݐሻ ൌͳ െܯሺݔǡ ݕǡ ݐሻǤ 
Alaca, Turkoglu and Yildiz [Alaca, C. et. Al. 2006] introduced the following notions: 
Definition 2.6. Let ሺܺǡܯǡܰǡכǡτሻ be an intuitionistic fuzzy metric space. Then  
(i) a sequence ሼݔ௡ሽ is said to be Cauchy sequence if, for all ݐ ൐ Ͳܽ݊݀݌ ൐ Ͳ ௡՜ஶܯ൫ݔ௡ା௣ǡݔ௡ ǡ ݐ൯ ൌ ͳǡ ܰ൫ݔ௡ା௣ǡݔ௡ ǡ ݐ൯ ൌ Ͳ 
 
(ii) a sequenceሼݔ௡ሽ  in X is said to be convergent to a point ݔ א ܺ if ,for allݐ ൐ ͲǤ  ௡՜ஶܯ൫ݔ௡ǡݔǡ ݐ൯ ൌ ͳǡ ܰ൫ݔ௡ǡݔǡ ݐ൯ ൌ Ͳ 
Since כ and ◊ are continuous, the limit is uniquely determined from (v) and (xi) of respectively. 
Definition 2.7.  An intuitionistic fuzzy metric space ሺܺǡܯǡܰǡכǡτሻ is said to be complete if and only if every 
Cauchy sequence in ܺ is convergent. 
Definition 2.8. A pair of self-mappings ሺ݂ǡ ݃ሻ , of  an intuitionistic fuzzy metric space ሺܺǡܯǡܰǡכǡτሻ  is said to be 
compatible if ௡՜∞ܯሺ݂݃ ݔ௡ǡ݂݃ݔ௡ǡ ݐሻ ൌ ͳ and ௡՜∞ܰሺ݂݃ ݔ௡ǡ݂݃ݔ௡ǡ ݐሻ ൌ Ͳ  for every  ݐ ൐ Ͳ,whenever ሼݔ௡ሽ   is a sequence in X such that  ௡՜∞ ݂ݔ௡ ൌ ௡՜∞ ݃ݔ௡ ൌ ݖ ݂݋ݎݏ݋݉݁ݖ א ܺǤ 
Definition 2.9. A pair of self-mappingsሺ݂ǡ ݃ሻ , of an intuitionistic fuzzy metric space ሺܺǡܯǡܰǡכǡτሻ  is said to be 
non compatible if ௡՜∞ܯሺ݂݃ ݔ௡ǡ݂݃ݔ௡ǡ ݐሻ ് ͳ or nonexistence and ௡՜∞ܰሺ݂݃ ݔ௡ǡ݂݃ݔ௡ǡ ݐሻ ് Ͳ  or 
nonexistence for every  ݐ ൐ Ͳ, 
whenever ሼݔ௡ሽ is a sequence in ܺsuch that  ௡՜∞ ݂ݔ௡ ൌ ௡՜∞ ݃ݔ௡ ൌ ݖfor someݖ א ܺǤ 
In 1998, Jungck and Rhoades [Jungck  et. al. 1998] introduced the concept of weakly compatible maps as 
follows:  
Definition 2.10. Two self maps ݂ and ݃are said to be weakly compatible if they commute at coincidence points.   
Definition 2.11 [Alaca, C. et. Al. 2006 ]. Let  ሺܺǡܯǡܰǡכǡτሻ  be an intuitionistic fuzzy metric space then ݂ǡ ݃ ׷ܺ ՜ ܺ are said to be weakly compatible if they commute at coincidence points.   
Lemma 2.12[ Alaca, C. et. Al. 2006].  Let  ሺܺǡܯǡܰǡכǡτሻ  be an intuitionistic fuzzy metric space and ሼݕ௡ሽbe a 
sequence in X if there exist a number ݇ א ሺͲǡͳሻsuch that, 
i) ܯሺݕ௡ାଶǡݕ௡ାଵǡ ݇ݐሻ ൒ ܯሺݕ௡ାଵǡ ݕ௡ ǡ ݐሻ 
ii) ܰሺݕ௡ାଶǡݕ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕ௡ାଵǡ ݕ௡ ǡ ݐሻ   
for allݐ ൐ Ͳand݊ ൌ ͳǡʹǡ͵ǥǥǥthenሼݕ௡ሽis a cauchy sequence inܺǤ 
Lemma 2.13 Let ሺܺǡܯǡܰǡכǡτሻ    be an IFM-space and for all ݔǡ ݕ א ܺǡ ݐ ൐ Ͳ  and if for a number ݇ אሺͲǡͳሻǡ ܯሺݔǡ ݕǡ ݇ݐሻ ൒ ܯሺݔǡ ݕǡ ݐሻǡ ܰሺݔǡ ݕǡ ݇ݐሻ ൑ ܰሺݔǡ ݕǡ ݐሻ then ݔ ൌ ݕǤ  
 
3. Main Results - 
Theorem 3.1 – Let ሺܺǡܯǡܰǡכǡτሻ be an intuitionstic fuzzy metric space with continuous t-norm כ and continuous 
t-norm ◊ defined by ݐ כ ݐ ൒ ݐand ሺͳ െ ݐሻ τ ሺͳ െ ݐሻ ൑ ሺͳ െ ݐሻǡ࿤ ݐ א ሾͲǡͳሿǤLet ݂݃  be weakly compatible 
self mapping in ܺ s.t. ܽሻ݃ሺܺሻ ك ݂ሺܺሻ ܾሻܯሺ݃ݔǡ ݃ݕǡ ݇ݐሻ ൒ ߮ሼܯሺ݂ݔǡ ݂ݕǡ ݐሻ כ ܯሺ݃ݔǡ ݂ݕǡ ݐሻ כ ܯሺ݂ݔǡ ݃ݔǡ ݐሻሽ ܰሺ݃ݔǡ ݃ݕǡ ݇ݐሻ ൑ ߖሼܰሺ݂ݔǡ ݂ݕǡ ݐሻ τ ܰሺ݃ݔǡ ݂ݕǡ ݐሻ τ ܰሺ݂ݔǡ ݃ݔǡ ݐሻሽ 
 Where , Ͳ ൏ ݇ ൏ ͳ  and ׎ǡ ߖǣ ሾͲǡͳሿ ՜ ሾͲǡͳሿ  is continuous function s.t. ׎ሺݏሻ ൐ ݏand ߖሺݏሻ ൏ ݏ  ,for each Ͳ ൏ ݏ ൏ ͳand߮ሺͳሻ ൌ ͳǡ ߖሺͲሻ ൌ Ͳwithܯሺݔǡ ݕǡ ݐሻ ൐ ͲǤ 
c) If one of ݃ሺܺሻ݋ݎ݂ሺܺሻ is complete  
Then ݂݃ have a unique common fixed point. 
 Proof – Let ݔ଴ א ܺ be any arbitrary point. Since  ݃ሺܺሻ ك ݂ሺܺሻ ,choose ݔଵ א ܺ 
Such that ݕଶ௡ ൌ ݂ݔଶ௡ାଵ ൌ ݃ݔଶ௡. 
Then by (b), 
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ܯሺ݃ݔଶ௡ǡ ݃ݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ ൜ܯሺ݂ݔଶ௡ ǡ ݂ݔଶ௡ାଵǡ ݐሻ כ ܯሺ݃ݔଶ௡ ǡ ݂ݔଶ௡ାଵǡ ݐሻכ ܯሺ݂ݔଶ௡ǡ ݃ݔଶ௡ǡ ݐሻ ൠ 
 ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ ൜ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ כ ܯሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻכ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ ൠ 
 ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ כ ͳ כ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ൐ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ..............(1) 
As ߮ሺݏሻ ൐ ݏ, for each Ͳ ൏ ݏ ൏ ͳǤ 
and ܰሺ݃ݔଶ௡ ǡ ݃ݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖ ൜ܰሺ݂ݔଶ௡ǡ ݂ݔଶ௡ାଵǡ ݐሻ τ ܰሺ݃ݔଶ௡ǡ ݂ݔଶ௡ାଵǡ ݐሻτ ܰሺ݂ݔଶ௡ ǡ ݃ݔଶ௡ ǡ ݐሻ ൠ ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖ ൜ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻτ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ ൠ 
 ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ τ Ͳ τ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ൏ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ 
As ߖሺݏሻ ൏ ݏͲ ൏ ݏ ൏ ͳǤ 
For all ݊ǡ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ and ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ ܯሺݕଶ௡ାଵǡ ݕଶ௡ାଶǡ ݇ݐሻ ൒ ܯሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ and  ܰሺݕଶ௡ାଵǡ ݕଶ௡ାଶǡ ݇ݐሻ ൑ ܰሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ, 
Hence by lemma (2.12) , ሼݕଶ௡ሽ is a Cauchy sequence in X. by completeness of X, ሼݕଶ௡ሽ =ሼ݂ݔଶ௡ሽ is convergent, 
call  ݖ , 
Then  ௡՜∞ ݂ݔ௡ ൌ௡՜∞ ݃ݔ௡ ൌ ݖ 
Now suppose ݂ሺܺሻ is complete, so there exist a point ݌݅݊ܺݏݑ݄ܿݐ݄ܽݐ݂݌ ൌ ݖ 
Now from (b),  ܯሺ݃݌ǡ ݃ݔ௡ ǡ ݇ݐሻ ൒ ߮ሼܯሺ݂݌ǡ ݂ݔ௡ ǡ ݐሻ כ ܯሺ݃݌ǡ ݂ݔ௡ ǡ ݐሻ כ ܯሺ݂݌ǡ ݃݌ǡ ݐሻሽ 
As݊ ՜ ∞, ܯሺ݃݌ǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺݖǡ ݖǡ ݐሻ כ ܯሺ݃݌ǡ ݖǡ ݐሻ כ ܯሺݖǡ ݃݌ǡ ݐሻሽ ܯሺ݃݌ǡ ݖǡ ݇ݐሻ ൒ ߮ሼͳ כ ܯሺ݃݌ǡ ݖǡ ݐሻ כ ܯሺݖǡ ݃݌ǡ ݐሻሽ ܯሺ݃݌ǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺ݃݌ǡ ݖǡ ݐሻሽ ൐ ܯሺ݃݌ǡ ݖǡ ݐሻ ............................(3) 
And ܰሺ݃݌ǡ ݃ݔ௡ ǡ ݇ݐሻ ൑ ߖሼܰሺ݂݌ǡ ݂ݔ௡ ǡ ݐሻ τ ܰሺ݃݌ǡ ݂ݔ௡ ǡ ݐሻ τ ܰሺ݂݌ǡ ݃݌ǡ ݐሻሽ 
As݊ ՜ ∞, ܰሺ݃݌ǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺݖǡ ݖǡ ݐሻ τ ܰሺ݃݌ǡ ݖǡ ݐሻ τ ܰሺݖǡ ݃݌ǡ ݐሻሽ ܰሺ݃݌ǡ ݖǡ ݇ݐሻ ൑ ߖሼͲ τ ܰሺ݃݌ǡ ݖǡ ݐሻ τ ܰሺݖǡ ݃݌ǡ ݐሻሽ ܰሺ݃݌ǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺ݃݌ǡ ݖǡ ݐሻሽ ൏ ܰሺ݃݌ǡ ݖǡ ݐሻ .............................(4) 
From (3) and (4),we have ݃݌ ൌ ݖ ൌ ݂݌ 
As ݂ܽ݊݀݃are weakly compatible ,therefore ݂݃݌ ൌ ݂݃݌ǡ ݅Ǥ ݁ǡ ݂ݖ ൌ ݃ݖ 
Now , we show that ݖis a fixed point of ݂ܽ݊݀݃Ǥ from (b), ܯሺ݃ݖǡ ݃ݔ௡ǡ ݇ݐሻ ൒ ߮ሼܯሺ݂ݖǡ ݂ݔ௡ ǡ ݐሻ כ ܯሺ݃ݖǡ ݂ݔ௡ǡ ݐሻ כ ܯሺ݂ݖǡ ݃ݖǡ ݐሻሽ 
As݊ ՜ ∞, 
 ܯሺ݃ݖǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺ݃ݖǡ ݖǡ ݐሻ כ ܯሺ݃ݖǡ ݖǡ ݐሻ כ ܯሺ݃ݖǡ ݃ݖǡ ݐሻሽ ܯሺ݃ݖǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺ݃ݖǡ ݖǡ ݐሻ כ ܯሺ݃ݖǡ ݖǡ ݐሻ כ ͳሽ 
                  ܯሺ݃ݖǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺ݃ݖǡ ݖǡ ݐሻሽ ൐ ܯሺ݃ݖǡ ݖǡ ݐሻ .....................(5) 
and ܰሺ݃ݖǡ ݃ݔ௡ ǡ ݇ݐሻ ൑ ߖሼܰሺ݂ݖǡ ݂ݔ௡ ǡ ݐሻ τ ܰሺ݃ݖǡ ݂ݔ௡ǡ ݐሻ τ ܰሺ݂ݖǡ ݃ݖǡ ݐሻሽ 
As݊ ՜ ∞, ܰሺ݃ݖǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺ݃ݖǡ ݖǡ ݐሻ τ ܰሺ݃ݖǡ ݖǡ ݐሻ τ ܰሺ݃ݖǡ ݃ݖǡ ݐሻሽ ܰሺ݃ݖǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺ݃ݖǡ ݖǡ ݐሻ τ ܰሺ݃ݖǡ ݖǡ ݐሻ τ Ͳሽ ܰሺ݃ݖǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺ݃ݖǡ ݖǡ ݐሻሽ ൏ ܰሺ݃ݖǡ ݖǡ ݐሻ ....................(6) 
From (5) and (6), ݃ݖ ൌ ݖ ൌ ݂ݖ 
Hence ݖ is common fixed point of ݂݃. 
Uniqueness – Let ݓ be another fixed point of ݂݃ ,then by (b) , ܯሺ݃ݖǡ ݃ݓǡ ݇ݐሻ ൒ ߮ሼܯሺ݂ݖǡ ݂ݓǡ ݐሻ כ ܯሺ݃ݖǡ ݂ݓǡ ݐሻ כ ܯሺ݂ݖǡ ݃ݖǡ ݐሻሽ 
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ܯሺݖǡ ݓǡ ݇ݐሻ ൒ ߮ሼܯሺݖǡ ݓǡ ݐሻ כ ܯሺݖǡ ݓǡ ݐሻ כ ܯሺݖǡ ݖǡ ݐሻሽ ܯሺݖǡ ݓǡ ݇ݐሻ ൒ ߮ሼܯሺݖǡ ݓǡ ݐሻ כ ܯሺݖǡ ݓǡ ݐሻ כ ͳሽ 
                         ܯሺݖǡ ݓǡ ݇ݐሻ ൒ ߮ሼܯሺݖǡ ݓǡ ݐሻሽ ൐ ܯሺݖǡ ݓǡ ݐሻ .........................(7) 
and ܰሺ݃ݖǡ ݃ݓǡ ݇ݐሻ ൑ ߖሼܰሺ݂ݖǡ ݂ݓǡ ݐሻ τ ܰሺ݃ݖǡ ݂ݓǡ ݐሻ τ ܰሺ݂ݖǡ ݃ݖǡ ݐሻሽ ܰሺݖǡ ݓǡ ݇ݐሻ ൑ ߖሼܰሺݖǡ ݓǡ ݐሻ τ ܰሺݖǡ ݓǡ ݐሻ τ ܰሺݖǡ ݖǡ ݐሻሽ ܰሺݖǡ ݓǡ ݇ݐሻ ൑ ߖሼܰሺݖǡ ݓǡ ݐሻ τ ܰሺݖǡ ݓǡ ݐሻ τ Ͳሽ 
                   ܰሺݖǡ ݓǡ ݇ݐሻ ൑ ߖሼܰሺݖǡ ݓǡ ݐሻሽ ൏ ܰሺݖǡ ݓǡ ݐሻ  .....................(8) 
From (7) and (8), ݖ ൌ ݓ 
Therefore ݖ is unique common fixed point of  ݂݃. 
Theorem – 3.2 Let ሺܺǡܯǡܰǡכǡτሻ be an intuitionstic fuzzy metric space with continuous t-norm כ and continuous 
t-norm ◊ defined by ݐ כ ݐ ൒ ݐܽ݊݀ሺͳ െ ݐሻ τ ሺͳ െ ݐሻ ൑ ሺͳ െ ݐሻǡ࿤ ݐ א ሾͲǡͳሿǤLet A, B, S and T be self mappings in 
X s.t. 
a) ܣሺܺሻ ك ܵሺܺሻܽ݊݀ ܤሺܺሻ ك ܶሺܺሻǤ 
b) There exist a constant ݇ א ሺͲǡͳሻǡ ݏǤ ݐǤ ܯሺܣݔǡ ܤݕǡ ݇ݐሻ ൒ ߮ሼܯሺܶݔǡ ܵݕǡ ݐሻ כ ܯሺܶݔǡ ܣݔǡ ݐሻ כ ܯሺܣݔǡ ܵݕǡ ݐሻሽ 
             ܰሺܣݔǡ ܤݕǡ ݇ݐሻ ൑ ߖሼܰሺܶݔǡ ܵݕǡ ݐሻ τ ܰሺܶݔǡ ܣݔǡ ݐሻ τ ܰሺܣݔǡ ܵݕǡ ݐሻሽ ࿤ ݔǡ ݕ א ܺܽ݊݀ݐ ൐ ͲǡͲ ൏ ݇ ൏ ͳǤݓ݄݁ݎ݁߮ǡߖǣ ሾͲǡͳሿ ՜ ሾͲǡͳሿ  is continuous function s.t.  ߮ሺݏሻ ൐ݏܽ݊݀ߖሺݏሻ ൏ ݏ, for each Ͳ ൏ ݏ ൏ ͳand ߮ሺͳሻ ൌ ͳǡ 
 ߖሺͲሻ ൌ Ͳwithܯሺݔǡ ݕǡ ݐሻ ൐ ͲǤ 
c) If one of the ܣሺܺሻǡ ܤሺܺሻǡ ܵሺܺሻܽ݊݀ܶሺܺሻ is complete subspace of X, 
Then ሼܣǡ ܶሽandሼܤǡ ܵሽ have a coincidence point  
More over ,if the pair ሼܣǡ ܶሽand ሼܤǡ ܵሽ are weakly compatible ,then A, B, S and T have a unique 
common fixed point. 
Proof – Let ݔ଴ be any arbitrary point ݏ݅݊ܿ݁ܣሺܺሻ ك ܵሺܺሻǡthere is a pointݔଵ א ܺݏǤ ݐǤ ܣݔ଴ ൌ ܵݔଵǤ Again since ܤሺܺሻ ك ܶሺܺሻ for this ݔଶ א ܺݏǤ ݐǤ ܤݔଵ ൌ ܶݔଶand so on. Then we get a sequence ሼݕ௡ሽ 
s.t.  ݕଶ௡ ൌ ܣݔଶ௡ ൌ ܵݔଶ௡ିଵand  ݕଶ௡ାଵ ൌ ܤݔଶ௡ାଵ ൌ ܶݔଶ௡ାଶǡ ݊ ൌ Ͳǡͳǡʹǥǥ ǤǤ  
Putting ݔ ൌ ݔଶ௡ǡ ݕ ൌ ݔଶ௡ାଵ in (b) we have, ܯሺܣݔଶ௡ ǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܶݔଶ௡ ǡ ܵݔଶ௡ାଵǡ ݐሻ כ ܯሺܶݔଶ௡ ǡ ܣݔଶ௡ ǡ ݐሻ כ ܯሺܣݔଶ௡ǡ ܵݔଶ௡ାଵǡ ݐሻሽ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ כ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ כ ܯሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻሽ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ כ ͳሽ 
                                                                            ൒ ߮ሼܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ൐ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ 
As߮ሺݏሻ ൐ ݏ for eachͲ ൏ ݏ ൏ ͳǤ 
and ܰሺܣݔଶ௡ ǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܶݔଶ௡ ǡ ܵݔଶ௡ାଵǡ ݐሻ τ ܰሺܶݔଶ௡ ǡ ܣݔଶ௡ ǡ ݐሻ τ ܰሺܣݔଶ௡ǡ ܵݔଶ௡ାଵǡ ݐሻሽ ܰሺܣݔଶ௡ǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ τ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻሽ 
                   ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ τ Ͳሽ 
                                                    ൑ ߖሼܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻሽ ൏ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ 
Asߖሺݏሻ ൏ ݏ݂݋ݎ݄݁ܽܿͲ ൏ ݏ ൏ ͳǤ 
For all ݊ǡ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻandܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ ܯሺݕଶ௡ାଵǡ ݕଶ௡ାଶǡ ݇ݐሻ ൒ ܯሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ and ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ 
Hence by lemma (2.12) , ሼݕ௡ሽ is a Cauchy sequence in ܺǤ 
Now suppose ܵሺܺሻ is a complete subspace of X.note that the sequence ሼݕଶ௡ሽ is contained inܵሺܺሻ and has a limit 
in  ܵሺܺሻ say ݑǤ so we get ܵݓ ൌ ݑǤ we shall use the fact that subsequence ሼݕଶ௡ାଵሽ  also convergence to ݑ. now 
putting ݔ ൌ ݔଶ௡ ,ݕ ൌ ݓ in (b) 
 and taking ݊ ՜ ∞ ܯሺܣݔଶ௡ǡ ܤݓǡ ݇ݐሻ ൒ ߮ሼܯሺܶݔଶ௡ǡ ܵݓǡ ݐሻ כ ܯሺܶݔଶ௡ ǡ ܣݔଶ௡ ǡ ݐሻ כ ܯሺܣݔଶ௡ǡ ܵݓǡ ݐሻሽ ܯሺݑǡ ܤݓǡ ݇ݐሻ ൒ ߮ሼܯሺݑǡ ݑǡ ݐሻ כ ܯሺݑǡ ݑǡ ݐሻ כ ܯሺݑǡ ݑǡ ݐሻሽ 
                                                             ൌ ߮ሺͳሻ ൌ ͳ ݅Ǥ ݁ܯሺݑǡ ܤݓǡ ݇ݐሻ ൒ ͳ                                                                                      .......................(3) 
Also, ܰሺܣݔଶ௡ǡ ܤݓǡ ݇ݐሻ ൑ ߖሼܰሺܶݔଶ௡ǡ ܵݓǡ ݐሻ τ ܰሺܶݔଶ௡ ǡ ܣݔଶ௡ ǡ ݐሻ τ ܰሺܣݔଶ௡ ǡ ܵݓǡ ݐሻሽ ܰሺݑǡ ܤݓǡ ݇ݐሻ ൑ ߖሼܰሺݑǡ ݑǡ ݐሻ τ ܰሺݑǡ ݑǡ ݐሻ τ ܰሺݑǡ ݑǡ ݐሻሽ 
                                                           ൌ ߖሺͲሻ ൌ Ͳ 
i.e,ܰሺݑǡ ܤݓǡ ݇ݐሻ ൑ Ͳ                                                                               ................................(4) 
from (3) and (4),ݑ ൌ ܤݓǤ 
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Since ܵݓ ൌ ܤݓ ൌ ݑǡ ݅Ǥ ݁ݓ is the coincidence point of ܤܽ݊݀ܵǤ 
As ܤሺܺሻ ك ܶሺܺሻǡ ݑ ൌ ܤݓ ֜ ݑ א ܶሺܺሻǤletݒ א ܶିଵݑthenܶݒ ൌ ݑ 
By putting ݔ ൌ ݒǡ ݕ ൌ ݔଶ௡ାଵ in (b),we get, ܯሺܣݒǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܶݒǡ ܵݔଶ௡ାଵǡ ݐሻ כ ܯሺܶݒǡ ܣݒǡ ݐሻ כ ܯሺܣݒǡ ܵݔଶ௡ାଵǡ ݐሻሽ 
As ݊ ՜ ∞ ܯሺܣݒǡ ݑǡ ݇ݐሻ ൒ ߮ሼܯሺݑǡ ݑǡ ݐሻ כ ܯሺݑǡ ܣݒǡ ݐሻ כ ܯሺܣݒǡ ݑǡ ݐሻሽ ܯሺܣݒǡ ݑǡ ݇ݐሻ ൒ ߮ሼܯሺݑǡ ܣݒǡ ݐሻ כ1ሽ ൌ ߮ሼܯሺݑǡ ܣݒǡ ݐሻሽ ൐ ሼܯሺݑǡ ܣݒǡ ݐሻሽ  ...................(5) 
and ܰሺܣݒǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܶݒǡ ܵݔଶ௡ାଵǡ ݐሻ τ ܰሺܶݒǡ ܣݒǡ ݐሻ τ ܰሺܣݒǡ ܵݔଶ௡ାଵǡ ݐሻሽ 
As ݊ ՜ ∞ ܰሺܣݒǡ ݑǡ ݇ݐሻ ൑ ߖሼܰሺݑǡ ݑǡ ݐሻ τ ܰሺݑǡ ܣݒǡ ݐሻ τ ܰሺܣݒǡ ݑǡ ݐሻሽ 
 ܰሺܣݒǡ ݑǡ ݇ݐሻ ൑ ߖሼܰሺݑǡ ܣݒǡ ݐሻ τ Ͳሽ=ߖሼܰሺݑǡ ܣݒǡ ݐሻሽ ൏ ܰሺݑǡ ܣݒǡ ݐሻ          ..........................(6) 
From (5) and (6),we  get, ܣݒ ൌ ݑ 
Since ܶݒ ൌ ݑǡwe have ܣݒ ൌ ܶݒ ൌ ݑǤ thus ݒis the coincidence point of ܣand ܶǤIf one assume ܶሺܺሻ  to be 
complete  ,then an analogous argument establish this claim. 
The remaining two cases pertain essentially to the previous cases. Indeed if ܤሺܺሻ is complete then  ݑ א ܤሺܺሻ ؿ ܶሺܺሻandif ܣሺܺሻ is complete then ݑ א ܣሺܺሻ ؿ ܵሺܺሻǤThus (c) is completely established. 
Since the pair ሼܣǡ ܶሽܽ݊݀ሼܤǡ ܵሽ are weakly compatible ,i.e. ܤሺܵݓሻ ൌ ܵሺܤݓሻ ֜ ܤݑ ൌ ܵݑand ܣሺܶݒሻ ൌ ܶሺܣݒሻ ֜ ܣݑ ൌ ܶݑǤ 
Putting ݔ ൌ ݑǡ ݕ ൌ ݔଶ௡ାଵin (b),we get ܯሺܣݑǡܤݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܶݑǡ ܵݔଶ௡ାଵǡ ݐሻ כ ܯሺܶݑǡ ܣݑǡ ݐሻ כ ܯሺܣݑǡ ܵݔଶ௡ାଵǡ ݐሻሽ 
 As ݊ ՜ ∞ ܯሺܣݑǡ ݑǡ ݇ݐሻ ൒ ߮ሼܯሺܣݑǡ ݑǡ ݐሻ כ ܯሺܣݑǡ ܣݑǡ ݐሻ כ ܯሺܣݑǡ ݑǡ ݐሻሽ 
                                     ܯሺܣݑǡ ݑǡ ݇ݐሻ ൒ ߮ሼܯሺܣݑǡ ݑǡ ݐሻሽ ൐ ܯሺܣݑǡ ݑǡ ݐሻ                       ................................(7) 
and ܰሺܣݑǡ ܤݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܶݑǡ ܵݔଶ௡ାଵǡ ݐሻ τ ܰሺܶݑǡ ܣݑǡ ݐሻ τ ܰሺܣݑǡ ܵݔଶ௡ାଵǡ ݐሻሽ 
As ݊ ՜ ∞ ܰሺܣݑǡ ݑǡ ݇ݐሻ ൑ ߖሼܰሺܣݑǡ ݑǡ ݐሻ τ ܰሺܣݑǡ ܣݑǡ ݐሻ τ ܰሺܣݑǡ ݑǡ ݐሻሽ ܰሺܣݑǡ ݑǡ ݇ݐሻ ൑ ߖሼܰሺܣݑǡ ݑǡ ݐሻሽ ൏ ܰሺܣݑǡ ݑǡ ݐሻ ..............................(8) 
 
From (7) and (8), implies that ܣݑ ൌ ݑ ֜ ܣݑ ൌ ܶݑ ൌ ݑ 
Similarly by putting ݔ ൌ ݔଶ௡ǡ ݕ ൌ ݑ in (b) and as ݊ ՜ ∞ 
We have  ݑ ൌ ܤݑ ൌ ܵݑǤ ݐ݄ݑݏܣݑ ൌ ܵݑ ൌ ܶݑ ൌ ݑǤ 
i.e ݑ is a common fixed point of ܣǡ ܤǡ ܵandܶǤ 
Uniqueness- let ݓሺݓ ് ݑሻ be another common fixed point of ܣǡ ܤǡ ܵandܶǤ 
Then by putting ݔ ൌ ݑǡ ݕ ൌ ݓ݅݊ሺܾሻ ܯሺܣݑǡ ܤݓǡ ݇ݐሻ ൒ ߮ሼܯሺܶݑǡ ܵݓǡ ݐሻ כ ܯሺܶݑǡ ܣݑǡ ݐሻ כ ܯሺܣݑǡ ܵݓǡ ݐሻሽ 
 ܯሺݑǡݓǡ ݇ݐሻ ൒ ߮ሼܯሺݑǡ ݓǡ ݐሻ כ ܯሺݑǡ ݑǡ ݐሻ כ ܯሺݑǡ ݓǡ ݐሻሽ 
  ܯሺݑǡݓǡ ݇ݐሻ ൒ ߮ሼܯሺݑǡ ݓǡ ݐሻ כ ͳሽ ൐ ܯሺݑǡݓǡ ݐሻ  ....................(9) 
and ܰሺܣݑǡ ܤݓǡ ݇ݐሻ ൑ ߖሼܰሺܶݑǡ ܵݓǡ ݐሻ τ ܰሺܶݑǡ ܣݑǡ ݐሻ τ ܰሺܣݑǡ ܵݓǡ ݐሻሽ ܰሺݑǡݓǡ ݇ݐሻ ൑ ߖሼܰሺݑǡ ݓǡ ݐሻ τ ܰሺݑǡ ݑǡ ݐሻ τ ܰሺݑǡ ݓǡ ݐሻሽ 
                            ܰሺݑǡݓǡ ݇ݐሻ ൑ ߖሼܰሺݑǡ ݓǡ ݐሻ τ Ͳሽ ൏ ܰሺݑǡ ݓǡ ݐሻ .                             ......................(10) 
From (9) and (10) ݑ ൌ ݓ for all ݔǡ ݕ א ܺandݐ ൐ ͲǤ  
Therefore ݑ is the unique common fixed point of ܣǡ ܤǡ ܵandܶǤ 
Theorem – 3.3 Let ሺܺǡܯǡܰǡכǡτሻ be an intuitionstic fuzzy metric space with continuous t-norm כ and continuous 
t-norm ◊ defined by ݐ כ ݐ ൒ ݐܽ݊݀ሺͳ െ ݐሻ τ ሺͳ െ ݐሻ ൑ ሺͳ െ ݐሻǡ ࿤ ݐ א ሾͲǡͳሿǤ Let ܣǡ ܤǡ ܵand ܶ  be self mappings inܺ s.t. 
a) ܲሺܺሻ ك ܵܶሺܺሻܽ݊݀ܳሺܺሻ ك ܣܤሺܺሻ 
b) There exist a constant ݇ א ሺͲǡͳሻݏǤ ݐǤ ܯሺܲݔǡ ܳݕǡ ݇ݐሻ ൒ ߮ሼܯሺܲݔǡ ܣܤݔǡ ݐሻ כ ܯሺܵܶݕǡ ܣܤݔǡ ݐሻ כ ሺܲݔǡ ܵܶݕǡ ݐሻሽ ܽ݊݀ ܰሺܲݔǡ ܳݕǡ ݇ݐሻ ൑ ߖሼܰሺܲݔǡ ܣܤݔǡ ݐሻ τ ܰሺܵܶݕǡ ܣܤݔǡ ݐሻ τ ܰሺܲݔǡ ܵܶݕǡ ݐሻሽ ࿤ ݔǡ ݕ א ܺܽ݊݀ݐ ൐ Ͳݓ݄݁ݎ݁߮ǡߖǣ ሾͲǡͳሿ ՜ ሾͲǡͳሿ is continuous function s.t. 
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߮ሺݏሻ ൐ ݏܽ݊݀ߖሺݏሻ ൏ ݏ, for each Ͳ ൏ ݏ ൏ ͳand ߮ሺͳሻ ൌ ͳǡ 
 ߖሺͲሻ ൌ Ͳwithܯሺݔǡ ݕǡ ݐሻ ൐ ͲǤ 
(c) If one of the ܲሺܺሻǡ ܳሺܺሻǡ ܵܶሺܺሻǡ ܽ݊݀ܣܤሺܺሻ is a complete subspace of  ܺthen ሼܣܤǡ ܲሽܽ݊݀ሼܳǡ ܵܶሽ have a coincidence point. 
(d) ܣܤ ൌ ܤܣǡ ܵܶ ൌ ܶܵǡ ܲܤ ൌ ܤܲܽ݊݀ܳܶ ൌ ܶܳ 
Moreover if the pair ሼܣܤǡ ܲሽܽ݊݀ሼܳǡ ܵܶሽ  are weakly compatible ,then ܣǡܤǡ ܵǡ ܶǡ ܲǡ ܽ݊݀ܳ have a 
unique common fixed point. 
Proof – Let ݔ଴ א ܺ be an arbitrary point. since ܲሺܺሻ ك ܵܶሺܺሻǡ there exist ݔଵ א ܺ s.t. ܲݔ଴ ൌ ܵܶݔଵ ൌ ݕ଴Ǥ again 
since ܳሺܺሻ ك ܣܤሺܺሻ for this  ݔଵ there is ݔଶ א ܺ s.t.  ܳݔଵ ൌ ܣܤݔଶ ൌ ݕଵ and so on. Inductively we get a sequence ሼݔ௡ሽ and ሼݕ௡ሽ inܺ s.t. ݕଶ௡ ൌ ܲݔଶ௡ ൌ ܵܶݔଶ௡ାଵܽ݊݀ݕଶ௡ାଵ ൌ ܳݔଶ௡ାଵ ൌ ܣܤݔଶ௡ାଶǡ ݊ ൌ ͲǡͳǡʹǥǥǤ 
Putting ݔ ൌ ݔଶ௡ ǡ ݕ ൌ ݔଶ௡ାଵin (b) we have, ܯሺܲݔଶ௡ ǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܲݔଶ௡ǡ ܣܤݔଶ௡ ǡ ݐሻ כ ܯሺܵܶݔଶ௡ାଵǡ ܣܤݔଶ௡ ǡ ݐሻ כ ሺܲݔଶ௡ ǡ ܵܶݔଶ௡ାଵݐሻሽ 
          ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ כ ܯሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ כ ܯሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻሽ ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ כ ͳሽ ൐ ܯሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ ........................(1) ܽ݊݀ ܰሺܲݔଶ௡ ǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܲݔଶ௡ǡ ܣܤݔଶ௡ ǡ ݐሻ τ ܰሺܵܶݔଶ௡ାଵǡ ܣܤݔଶ௡ǡ ݐሻ τ ܰሺܲݔଶ௡ ǡ ܵܶݔଶ௡ାଵǡ ݐሻሽ ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻሽ ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ τ ܰሺݕଶ௡ ǡ ݕଶ௡ ǡ ݐሻሽ ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ τ Ͳሽ ൏ ܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ ..........................(2) 
Hence we have from (1) and (2)  ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ܯሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ and  ܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕଶ௡ ǡ ݕଶ௡ିଵǡ ݐሻ. 
Similarly we also have  ܯሺݕଶ௡ାଵǡ ݕଶ௡ାଶǡ ݇ݐሻ ൒ ܯሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ  and   ܰሺݕଶ௡ାଵǡ ݕଶ௡ାଶǡ ݇ݐሻ ൑ ܰሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ. ܯሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൒ ܯሺݕଶ௡ିଵǡ ݕଶ௡ ǡ ݐሻ andܰሺݕଶ௡ ǡ ݕଶ௡ାଵǡ ݇ݐሻ ൑ ܰሺݕଶ௡ାଵǡ ݕଶ௡ ǡ ݐሻ, 
Hence by lemma (2.12) ,ሼݕ௡ሽ is a Cauchy sequence in ܺǤ 
Now suppose ܣܤሺܺሻ is a complete subspace of ܺ.note that the sequence ሼݕଶ௡ାଵሽ is contained inܣܤሺܺሻ and has 
a limit in  ܣܤሺܺሻ say ݖǤ so we get ܣܤݓ ൌ ݖǤ we shall use the fact that subsequence ሼݕଶ௡ሽ  also convergence to ݖ. 
now putting ݔ ൌ ݓ ,ݕ ൌ ݔଶ௡ାଵ in (b) 
 and taking ݊ ՜ ∞ , we have ܯሺܲݓǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܲݓǡ ܣܤݓǡ ݐሻ כ ܯሺܵܶݔଶ௡ାଵǡ ܣܤݓǡ ݐሻ כ ሺܲݓǡ ܵܶݔଶ௡ାଵǡ ݐሻሽ 
As ݊ ՜ ∞ ܯሺܲݓǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺܲݓǡ ݖǡ ݐሻ כ ܯሺݖǡ ݖǡ ݐሻ כ ሺܲݓǡ ݖǡ ݐሻሽ ܯሺܲݓǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺܲݓǡ ݖǡ ݐሻ כ ͳሽ ൐ ܯሺܲݓǡ ݖǡ ݐሻ............................(3) ܽ݊݀ ܰሺܲݓǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܲݓǡ ܣܤݓǡ ݐሻ τ ܰሺܵܶݔଶ௡ାଵǡ ܣܤݓǡ ݐሻ τ ܰሺܲݓǡ ܵܶݔଶ௡ାଵǡ ݐሻሽ 
As ݊ ՜ ∞ ܰሺܲݓǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺܲݓǡ ݖǡ ݐሻ τ ܰሺݖǡ ݖǡ ݐሻ τ ܰሺܲݓǡ ݖǡ ݐሻሽ ܰሺܲݓǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺܲݓǡ ݖǡ ݐሻ τ Ͳሽ ൏ ܰሺܲݓǡ ݖǡ ݐሻ .........................(4) 
From (3) and (4) , ܲݓ ൌ ݖ. Since ܣܤݓ ൌ ݖthus we haveܲݓ ൌ ݖ ൌ ܣܤݓ that is ݓ is coincidence point of ܲ 
andܣܤ. Since ܲሺܺሻ ؿ ܵܶሺܺሻǡ ܲݓ ൌ ݖ implies thatݖ א ܵܶሺܺሻǤ 
letݒ א ܵܶିଵݖǤthenܵܶݒ ൌ ݖǤ 
Putting ݔ ൌ ݔଶ௡andݕ ൌ ݒin (b), we have ܯሺܲݔଶ௡ ǡ ܳݒǡ ݇ݐሻ ൒ ߮ሼܯሺܲݔଶ௡ ǡ ܣܤݔଶ௡ǡ ݐሻ כ ܯሺܵܶݒǡ ܣܤݔଶ௡ǡ ݐሻ כ ሺܲݔଶ௡ǡ ܵܶݒǡ ݐሻሽ 
As ݊ ՜ ∞ 
      ܯሺݖǡ ܳݒǡ ݇ݐሻ ൒ ߮ሼܯሺݖǡ ݖǡ ݐሻ כ ܯሺݖǡ ݖǡ ݐሻ כ ሺݖǡ ݖǡ ݐሻሽ ܯሺݖǡ ܳݒǡ ݇ݐሻ ൒ ߮ሼͳሽ ൌ ͳ 
                                                      ܯሺݖǡ ܳݒǡ ݇ݐሻ ൒ ͳ              ........................(5) ܽ݊݀ ܰሺܲݔଶ௡ ǡ ܳݒǡ ݇ݐሻ ൑ ߖሼܰሺܲݔଶ௡ ǡ ܣܤݔଶ௡ǡ ݐሻ τ ܰሺܵܶݒǡ ܣܤݔଶ௡ ǡ ݐሻ τ ܰሺܲݔଶ௡ ǡ ܵܶݒǡ ݐሻሽ ܰሺݖǡ ܳݒǡ ݇ݐሻ ൑ ߖሼܰሺݖǡ ݖǡ ݐሻ τ ܰሺݖǡ ݖǡ ݐሻ τ ܰሺݖǡ ݖǡ ݐሻሽ ܰሺݖǡ ܳݒǡ ݇ݐሻ ൑ ߖሼͲሽ ൌ Ͳ 
                                          ܰሺݖǡ ܳݒǡ ݇ݐሻ ൑ Ͳ         ..............................(6) 
From (5) and (6),we have ݖ ൌ ܳݒ. 
Again  Putting ݔ ൌ ݖandݕ ൌ ݔଶ௡ାଵin (b) and as݊ ՜ ∞ ܯሺܲݖǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൒ ߮ሼܯሺܲݖǡ ܣܤݖǡ ݐሻ כ ܯሺܵܶݔଶ௡ାଵǡ ܣܤݖǡ ݐሻ כ ሺܲݖǡ ܵܶݔଶ௡ାଵǡ ݐሻሽ ܯሺܲݖǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺܲݖǡ ܲݖǡ ݐሻ כ ܯሺݖǡ ܲݖǡ ݐሻ כ ሺܲݖǡ ݖǡ ݐሻሽ ܯሺܲݖǡ ݖǡ ݇ݐሻ ൒ ߮ሼܯሺܲݖǡ ݖǡ ݐሻ כ ͳሽ ൐ ܯሺܲݖǡ ݖǡ ݐሻ ..................(7) 
Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 
ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 
Vol.7, No.1, 2017 
 
30 
ܽ݊݀ ܰሺܲݖǡ ܳݔଶ௡ାଵǡ ݇ݐሻ ൑ ߖሼܰሺܲݖǡ ܣܤݖǡ ݐሻ τ ܰሺܵܶݔଶ௡ାଵǡ ܣܤݖǡ ݐሻ τ ܰሺܲݖǡ ܵܶݔଶ௡ାଵǡ ݐሻሽ ܰሺܲݖǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺܲݖǡ ܲݖǡ ݐሻ τ ܰሺݖǡ ܲݖǡ ݐሻ τ ܰሺܲݖǡ ݖǡ ݐሻሽ 
            ܰሺܲݖǡ ݖǡ ݇ݐሻ ൑ ߖሼܰሺܲݖǡ ݖǡ ݐሻ τ Ͳሽ ൏ ܰሺܲݖǡ ݖǡ ݐሻ ............................(8) 
From (7) and (8), ܲݖ ൌ ݖǤ So ܲݖ ൌ ܣܤݖ ൌ ݖǤ 
By putting ݔ ൌ ݔଶ௡ǡ ݕ ൌ ݖ in (b) and taking  ݊ ՜ ∞ ,ܳݖ ൌ ݖǤ  hence  ܳݖ ൌ ܵܶݖ ൌ ݖ. 
Now putting ݔ ൌ ݖǡ ݕ ൌ ܶݖ in (b) and using (d) ,we have ܯሺݖǡ ܶݖǡ ݇ݐሻ ൒ ͳ andܰሺݖǡ ܶݖǡ ݇ݐሻ ൑ ͲǤthusݖ ൌ ܶݖǤ 
Sinceܵܶݖ ൌ ݖǡthereforeܵݖ ൌ ݖǤ 
To prove ,ܤݖ ൌ ݖ,  we put ݔ ൌ ܤݖǡ ݕ ൌ ݖin (b) and using (d),  
We have ܯሺݖǡ ܤݖǡ ݇ݐሻ ൒ ͳ and ܯሺݖǡ ܤݖǡ ݇ݐሻ ൑ ͲǤThus ݖ ൌ ܤݖǤ 
Since ܣܤݖ ൌ ݖtherefore ܣݖ ൌ ݖǤ 
By combining the above result we have ܣݖ ൌ ܤݖ ൌ ܵݖ ൌ ܶݖ ൌ ܲݖ ൌ ܳݖ ൌ ݖǤ 
 that is  ݖ is a common fixed point of ܣǡ ܤǡ ܵǡ ܶǡ ܲܽ݊݀ܳǤ 
Uniqueness – Let ݓሺݓ ് ݖሻ  be another common fixed point of ܣǡ ܤǡ ܵǡ ܶǡ ܲand ܳ  then ܣݓ ൌ ܤݓ ൌ ܵݓ ൌܶݓ ൌ ܲݓ ൌ ܳݓ ൌ ݓǤ 
By putting ݔ ൌ ݖǡ ݕ ൌ ݓǡwe haveܯሺݖǡݓǡ ݇ݐሻ ൒ ͳandܰሺݖǡ ݓǡ ݇ݐሻ ൑ ͲǤ 
Henceݖ ൌ ݓfor allݔǡ ݕ א ܺand ݐ ൐ ͲǤ 
Thereforeݖis the unique common fixed point of  ܣǡ ܤǡ ܵǡ ܶǡ ܲandܳǤ 
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